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Abstract
It is shown that a line graph G has clique-width at most 8k + 4 and NLC-width at most 4k + 3, if G contains a vertex whose
non-neighbours induce a subgraph of clique-width k or NLC-width k in G, respectively. This relation implies that co-gem-free line
graphs have clique-width at most 14 and NLC-width at most 7.
It is also shown that in a line graph the neighbours of a vertex induce a subgraph of clique-width at most 4 and NLC-width at
most 2.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The clique-width of a graph G, denoted by clique-width(G), is the least integer k such that G can be deﬁned by
operations on vertex-labelled graphs using k labels [7]. These operations are the vertex disjoint union, the addition of
edges between vertices controlled by a label pair, and the relabelling of vertices. The NLC-width of a graph G, denoted
byNLC-width(G), is deﬁned similarly in terms of closely related operations [13]. The only essential difference between
the composition mechanisms of clique-width bounded graphs and NLC-width bounded graphs is the addition of edges.
In an NLC-width composition the addition of edges is combined with the union operation. Both concepts are useful,
because it is sometimes much more comfortable to use NLC-width expressions instead of clique-width expressions
and vice versa, respectively.
The concept of clique-width generalizes the well-known concept of tree-width deﬁned in [12] by the existence of a
tree-decomposition.
Clique-width bounded graphs and tree-width bounded graphs are particularly interesting from an algorithmic point
of view. Many NP-complete graph problems can be solved in polynomial time for graphs of bounded clique-width [5]
and for graphs of bounded tree-width [6], respectively.
There are many papers about the clique-width of graph classes deﬁned by special forbidden graphs (Fig. 1), see e.g.
[1–4]. One of the hardest proofs in these papers is that on the clique-width of (gem,co-gem)-free1 graphs.
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Fig. 1. Special graphs.
Theorem 1 (Brandstädt et al. [3]). (Gem,co-gem)-free graphs have clique-width 16.
Obviously, a graph G is (gem,co-gem)-free if and only if for every vertex of G the neighbours and non-neighbours
induce a P4-free graph, i.e. a co-graph, in G. Since co-graphs are exactly the graphs of clique-width at most 2 and
NLC-width 1 [7,13], the question arises whether one can extend the result of Theorem 1 in the following way.
Problem 2. Can the clique-width of a graph be bounded in terms of the clique-width of subgraphs induced by the
neighbours and non-neighbours of certain vertices?
In this paper we use the tight connection between the tree-width of a graph and the clique-width of its line graph
shown in [8] to solve Problem 2 for line graphs. The line graph L(G) of a graph G has a vertex for every edge of G
and an edge between two vertices if the corresponding edges of G are adjacent [14]. Graph G is called the root graph
of L(G).
We show that in a line graph the neighbours of a vertex induce a subgraph of clique-width at most 4 and NLC-width
at most 2.
Our main result is that a line graph G has clique-width at most 8k + 4 and NLC-width at most 4k + 3, if G contains
a vertex whose non-neighbours induce a subgraph of clique-width k or NLC-width k in G, respectively.
This result implies that certain classes of line graphs are of bounded clique-width. For example, co-gem-free line
graphs have NLC-width at most 7 and clique-width at most 14.
2. Main results
For a graph G = (VG,EG) and a vertex u ∈ VG we deﬁne the set of neighbours of u in G by NG(u) = {v ∈
VG | {u, v} ∈ EG} and the set of non-neighbours of u in G by NG(u) = VG − ({u} ∪ NG(u)). Thus every vertex v
of G deﬁnes a disjoint partition {v} ∪ NG(v) ∪ NG(v) of VG. Similarly we deﬁne for an edge e ∈ EG the set of
neighbours of e in G by NG(e) = {e′ ∈ E | e ∩ e′ = {u} for some u ∈ VG} and the set of non-neighbours of e in G
by NG(e) = EG − ({e} ∪ NG(e)). Again, every edge e of G deﬁnes a disjoint partition {e} ∪ NG(e) ∪ NG(e) of EG.
Further, for a vertex set V ′ ⊆ VG we deﬁne by G[V ′] the subgraph of G induced by V ′ and for an edge set E′ ⊆ EG
we deﬁne by G[E′] the subgraph ({u ∈ VG | {u, v} ∈ E′ for some v ∈ VG}, E′) of G. Fig. 2 illustrates these notions.
For a line graphL(G), by deﬁnition there exists a one-to-onemapping  : VL(G) → EG between the vertices ofL(G)
and the edges of root graphG. It is easy to see from the deﬁnitions that for every vertex v ∈ VL(G) the following equations
hold: L(G)[{v}] = L(G[(v)]), L(G)[NL(G)(v)] = L(G[NG((v))]), and L(G)[NL(G)(v)] = L(G[NG((v))]), see
Fig. 2 for v = v1.
Fig. 2. The ﬁgure shows a line graph L(G), its root graph G, and the corresponding bijection  : VL(G) → EG : (vi ) = ei , 1 i6. Further the
sets NL(G)(v1) = {v2, v3} and NG(e1) = {e2, e3} are shown in light-grey and sets NL(G)(v1) = {v4, v5, v6} and NG(e1) = {e4, e5, e6} are shown
in dark-grey.
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2.1. Clique-width of G[NG(v)]
First we consider for a line graph G the clique-width of the subgraph induced by the neighbours of a vertex of G.
Theorem 3. For every line graph G and every vertex v ∈ VG,
NLC-width(G[NG(v)])2 and clique-width(G[NG(v)])4.
Proof. Let G be a line graph, v ∈ VG, H be the corresponding root graph for G, and e = {u1, u2} ∈ EH , such that
(v) = e. In order to deﬁne G[NG(v)] we consider the structure of H [NH(e)]. Graph H [NH(e)] contains at most
vertices u1 and u2, a number l of vertices only adjacent to u1, a number m of vertices only adjacent to u2, and a number
n of vertices adjacent to u1 and u2. Thus, the line graph of H [NH(e)], and by the observations above G[NG(v)], is an
induced subgraph of two disjoint cliques Kn+m and Kn+l which are connected by n vertex disjoint edges. This graph
can easily be constructed by NLC-width operations using one label for each of the two cliques. Since the clique-width
of a graph is at most twice its NLC-width [10] the result follows. 
2.2. Bounded clique-width of G[NG(v)] implies bounded clique-width for G
We now will show that for every line graph G and every vertex v ∈ VG the clique-width of G can be bounded by the
clique-width of graph G[NG(v)].
Lemma 4. Let G be a graph, e ∈ EG, such that graph G[NG(e)] has tree-width at most k. Then G has tree-width at
most k + 2.
Proof. Let G be a graph and e = {u1, u2} ∈ EG, such that G[NG(e)] has tree-width at most k. By the deﬁnition of
tree-width [12] there is a tree-decomposition (X = {Xu ⊆ VG[NG(e)] | u ∈ VT }, T = (VT , ET )) for G[NG(e)], such
that |Xu|k + 1. It is easy to verify that (X′ = {Xu ∪ {u1, u2} |Xu ∈ X}, T ) is a tree-decomposition for graph G, such
that |Xu|k + 3, i.e. G has tree-width at most k + 2. 
The last lemma can be used to show our main result in a very simple way because it is based on the results of [8].
Theorem 5. Let G be a line graph, v ∈ VG, such that graph G[NG(v)] has NLC-width at most k (clique-width at most
k). Then G has NLC-width at most 4k + 3 (clique-width at most 8k + 4, respectively).
Proof. Let G be a line graph with root graph H, v ∈ VG, such that NLC-width(G[NG(v)])k, and let e ∈ EH such
that (v)=e. Since graphG[NG(v))] has NLC-width at most k, the corresponding root graphH [NH(e)] has tree-width
at most 4k − 1 [8]. Thus by Lemma 4 graph H has tree-width at most 4k + 1 and graph G has NLC-width at most
4k + 3 [8].
A similar argumentation shows that clique-width(G[NG(v)])k implies that clique-width(G)2 · (4k − 1 + 2) +
2 = 8k + 4. 
Since graphs of bounded clique-width are closed under taking induced subgraphs we can conclude the following
characterization.
Corollary 6. A set of line graphs L has bounded clique-width if and only if for every graph G ∈ L there exists a
vertex vG such that {G[NG(vG)] |G ∈L} has bounded clique-width.
Since P4-free graphs have NLC-width 1 [13], Theorem 5 and the relation between clique-width and NLC-width [10]
imply the following bounds.
Corollary 7. Co-gem-free line graphs have NLC-width at most 7 and clique-width at most 14.
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3. Conclusions
Since Lemma 4 also holds for path-width2 instead of tree-width, the root graph of a line graph of linear clique-
width3 at most k has path-width at most 4k−1 [8], and the line graph of a graph of path-width k has linear clique-width
at most 2k + 1 [8], the proof of Theorem 5 also shows that for every line graph G and every vertex v ∈ VG the linear
clique-width of G can be bounded by the linear clique-width of graph G[NG(v)].
It remains open whether for arbitrary graphs the clique-width can be bounded by considering the clique-width of the
graphs induced by the neighbours and non-neighbours of certain vertices. In any case Theorems 3 and 5 do not hold
for arbitrary graphs.
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